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a b s t r a c t

This paper concerns the use of feedforward neural networks (FNN) for predicting the nondimensional
velocity of the gas that flows along a porous wall. The numerical solution of partial differential equations
that govern the fluid flow is applied for training and testing the FNN. The equations were solved using
finite differences method by writing a FORTRAN code. The Levenberg–Marquardt algorithm is used to
train the neural network. The optimal FNN architecture was determined. The FNN predicted values are
in accordance with the values obtained by the finite difference method (FDM). The performance of the
neural network model was assessed through the correlation coefficient (r), mean absolute error (MAE)
and mean square error (MSE). The respective values of r, MAE and MSE for the testing data are 0.9999,
0.0025 and 1.9998 � 10�5.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Intelligent techniques such as fuzzy logic methods, neural net-
works and genetic programming have been used in most of re-
search applications such as classifications, automatic control,
prediction, signal processing, pattern recognition, etc. (Haykin,
1999). In recent years, these techniques have also been success-
fully applied in the area of fluid flow (El-Emam & Al-Rabeh,
2008; Hirschen & Schäfer, 2006; Shang, 2005).

One of successful neural networks applications is to solve par-
tial differential equations (PDE) that govern fluid flow. The finite
differences method (FDM), finite element method (FEM), boundary
element method (BEM) and finite volume method (FVM) are pop-
ular and successful numerical methods for solution of partial dif-
ferential equations (PDE) (Glowinski & Neittaanmaki, 2008).
Reducing cost of studies and saving computational time, artificial
neural networks represent efficient tools and useful alternative
for solution of PDE. He, Reifb, and Unbehauenc (2000), Jianyu, Si-
wei, Yingjian, and Yaping (2003), Shirvany, Hayati, and Moradian
(2009) investigated the application of neural networks in order
to find solutions of PDE. The feedforward neural network and ra-
dial basis function networks are powerful architectures for inter-
polation in multidimensional space and they are universal
function approximators (Hornik, Stinchcombe, & White, 1989; Park
& Sandberg, 1991; Schilling, Carroll, & Al-Ajlouni, 2001). The neural
network method is not a direct method to solve a differential equa-
ll rights reserved.

: +381 34 333 192.
tion because this method requires the equation system similar to
the system of dynamics evolvement of ANN (Shang, 2005).

In the literature, neural networks have been used to predict
fluid flow variables. Applications of neural networks are based on
the training data from the experiment or the database generated
by a computational fluid dynamics (CFD) analysis of the problem.

Tahavvor and Yaghoubi (2008) used artificial neural network
(ANN) to determine natural convection heat transfer and fluid flow
around a cooled horizontal circular cylinder for different Rayleigh
numbers. They applied results obtained using finite volume tech-
nique for training and testing the ANN approach.

Mahmoud and Ben-Nakhi (2007) analyzed free laminar convec-
tion heat transfer in a partitioned enclosure. The CFD simulation
software was applied to calculate the temperature, the pressure,
and the horizontal and vertical components of the flow speed. They
used results of the CFD for training and testing the neural
networks.

Soft programming codes of ANN and Adaptive-Network-Based
Fuzzy Inference System (ANFIS) were compared with the CFD code
for a study of natural convection in triangular enclosures by Varol,
Avci, Koca, and Oztop (2007). ANN and ANFIS were used to predict
the natural convection thermal and flow variables.

Varol, Koca, Oztop, and Avci (2008) used ANFIS to estimate the
flow and temperature distribution in a partially heated air-filled
triangular enclosure. A database was generated using finite differ-
ences method by writing a FORTRAN code.

In this investigation the FNN with Levenberg–Marquardt
algorithm was used to predict the nondimensional velocity of the
dissociated gas that flows along a porous wall. Data were gener-
ated using finite differences method by writing a FORTRAN code

http://dx.doi.org/10.1016/j.eswa.2011.04.039
mailto:vesnar@kg.ac.rs
http://dx.doi.org/10.1016/j.eswa.2011.04.039
http://www.sciencedirect.com/science/journal/09574174
http://www.elsevier.com/locate/eswa
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(Obrović, Nikodijević, & Savić, 2009). The paper is organized as fol-
lows: The solution of the problem is presented in Section 2. The ba-
sic structure of the FNN and training algorithm is described in
Section 3. The results of the simulation are shown in Section 4. Fi-
nally, in Section 5 concluding remarks are presented.

2. Description of the problem

The dissociated gas (air) flow in the boundary layer on bodies of
revolution is investigated. The contour of the body within the fluid
(Fig. 1) is porous.

Thermo-chemical equilibrium is assumed to be established in
the whole area of the boundary layer. Therefore, a complete
equation system for this case of axisymmetrical gas flow in the
boundary layer, with the corresponding boundary conditions (Sch-
lichting, 1974), is:
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The function l(p, h) for the equilibrium two-componential mix-
ture depends on Lewis number Le and on the enthalpy of the atom-
ic hA and molecular hM components of the equilibrium dissociated
gas (air). This function is determined with the expression (Obrović
et al., 2009):

lðp; hÞ ¼ ðLe� 1ÞðhA � hMÞ
@CA

@h

� �
p

: ð5Þ

The usual notation is used. Thus, u(x, y) denotes the longitudinal
projection of the velocity in the boundary layer, v(x, y) – transver-
sal projection, q – density of the ideally dissociated gas, l – dy-
namic viscosity, h – enthalpy. Here, x and y are longitudinal and
transversal coordinates, respectively. Prandtl and Lewis numbers
are defined with the expressions: Pr ¼ lcp=k; Le ¼ qcpD=k in
which k – stands for the thermal conductivity coefficient, cp – spe-
Fig. 1. Gas flow around a body of revolution.
cific heat of the dissociated gas at constant pressure and D – atomic
component diffusion coefficient. The radius of the cross-section of
the body of revolution, which is normal to the axis of revolution, is
denoted with r(x). The contour of the body, which figures in the
continuity equation is given by the function r(x). The subscript
‘‘e’’ denotes the physical quantities at the outer edge of the bound-
ary layer, and the subscript ‘‘w’’ stands for the quantities at the
wall of the body within the fluid. Here, vw(x) denotes the given
velocity of the gas that flows through the solid porous wall
(vw > 0 or vw < 0).

When the governing equation system is transformed (1)–(4)
and when the change (Saljnikov & Dallmann, 1989):

u
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¼ @U
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¼ u ¼ uðg;j; f ;KÞ ð6Þ

that decreases the order of the differential equations is performed
(Obrović et al., 2009), a generalized equation system with four inde-
pendent variables, g, j, f and K, is obtained:
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U ¼ 0; u ¼ 0; �h ¼ �hw ¼ const: for g ¼ 0;
u! 1; �h! �he ¼ 1� j for g!1:

ð9Þ

Here the following notation is used: u/ue – nondimensional
velocity, U – nondimensional stream function, g – nondimensional
transversal coordinate, j – compressibility parameter, f – form
parameter, K – porosity parameter, �h – nondimensional enthalpy,
Q – nondimensional function, B – characteristics of the boundary
layer, Fot – characteristic boundary layer function, and a, b –
constants.

3. FNN and training algorithm

Feedforward neural networks are composed of simple elements
called neurons. The basic structure of the FNN, depicted in Fig. 2,
consists of one or more hidden layers and an output layer. Suppose
the total number of hidden layers is m � 1. Inputs into the network
are represented by x1, x2, . . . , xR. The network outputs are repre-
sented by y1; y2; . . . ; yzm

. Each neuron i in the lth layer (except in
the input layer) is connected with all the neurons of the (l � 1)th
layer. The number of neurons in the hidden layer l is zl and the
transfer function for the layer l is fl. Here, xi,j(l) represents the
weight of the link between the ith neuron of the lth hidden layer
and jth neuron of the l � 1th hidden layer and bi(l) is the biased
weight for the ith hidden neuron of the lth hidden layer. Fig. 3
shows the ith neuron of the lth hidden layer.

The output of ith neuron of the lth hidden layer can be ex-
pressed as:

miðlÞ ¼ flðniðlÞÞ; ð10Þ

where



Fig. 2. Basic structure of FNN.

Fig. 3. The ith neuron of the lth hidden layer.

Table 1
Correlation coefficient for the training, validation and test sets.

ANN-structure 3-27-1 3-29-1 3-31-1

Training 0.9952 0.9999 0.9887
Validation 0.9929 0.9999 0.9827
Test 0.9944 0.9999 0.9882

Fig. 4. FNN model for prediction of u/ue values.
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niðlÞ ¼
Xzl�1
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xi;jðlÞv jðl�1Þ þ biðlÞ: ð11Þ

The linear and sigmoid are the most common used transfer
functions in the construction of artificial neural networks.

The linear function has form:

flðniðlÞÞ ¼ niðlÞ: ð12Þ

An example of the sigmoid is the logistic function, defined by:

flðniðlÞÞ ¼
1

1þ e�niðlÞ
: ð13Þ

The hyperbolic tangent function can also be used as sigmoid
function (Haykin, 1999):

flðniðlÞÞ ¼
1� e�niðlÞ

1þ e�niðlÞ
: ð14Þ

The outputs of the FNN can be computed as:

v iðmÞ ¼ yi ¼ fmðniðmÞÞ; i ¼ 1;2; . . . ; zm; ð15Þ

where
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The objective of the training is to find a set of weights and
biases that minimize the error between the neural network predic-
tions and the desired outputs. There are different learning algo-
rithms. The back-propagation algorithm (Rumelhart, Hinton, &
Williams, 1986) has been the most commonly used training algo-
rithm. The basic algorithm is a gradient descent method in which
the network weights and biases are moved along the negative per-
formance function. It has problems of local minima and slow
convergence.

In the literature, a number of variations of the standard algo-
rithm have been developed. The Gauss–Newton method (Zhou &
Si, 1998), the quasi-Newton methods (Beigi & Li, 1993), the Marqu-
ardt method (Hagan & Menhaj, 1994), the Levenberg–Marquardt
method (Lera & Pinzolas, 2002) are used for the FNN training.

Suppose the training data consists of N sample pairs. The perfor-
mance function is defined as:
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where yðkÞi and tðkÞi denote the ith output and desired output of the
neural network when the inputs presented to the network are
xðkÞ1 ; xðkÞ2 ; . . . ; xðkÞR and x is an n-element vector that contains all
weights and biases of the neural network and can be written as:

x ¼ ½x1;1ð1Þ;x1;2ð1Þ; . . . ;xz1 ;Rð1Þ; b1ð1Þ; b2ð1Þ; . . . ; bz1ð1Þ; . . . ;

x1;1ðlÞ;x1;2ðlÞ; . . . ;xzl ;zl�1ðlÞ; b1ðlÞ; b2ðlÞ; . . . ; bzlðlÞ; . . . ;

x1;1ðmÞ;x1;2ðmÞ; . . . ;xzm ;zm�1ðmÞ; b1ðmÞ; b2ðmÞ; . . . ; bzmðmÞ�
T
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Eq. (17) can be written as:
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where

e ¼ eð1Þ1 eð1Þ2 . . . eð1Þzm
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. . . eðNÞ1 eðNÞ2 . . . eðNÞzm

h iT
: ð20Þ

With the Levenberg–Marquardt’s method, the increment Dx,
by minimization of E with respect to the parameter vector x, is:



Fig. 5. MSE error for training, validation, and testing sets.

Table 2
Performance parameters of the artificial neural network models for computation of
the u/ue.

FNN-
structure

r MAE MSE

3-29-1 Training 0.9999 0.0022 1.3399 � 10�5

Validation 0.9999 0.0024 1.5745 � 10�5

Test 0.9999 0.0025 1.9998 � 10�5

Training + validation + test 0.9999 0.0023 1.505 � 10�5
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Dx ¼ �ðJT J þ lIÞ�1 � JT e; ð21Þ

where J is the Jacobian matrix that contains first derivatives of the
network errors with respect to the weights and biases, I is the iden-
tity matrix and l is an adaptive factor. When the scalar l is zero,
this is just Newton’s method. When l is large, this becomes gradi-
ent descent with a small step size.

The Jacobian matrix is calculated as:
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In this paper, the FNN is used with one hidden layer and one
output. The performance function can be expressed as:
Fig. 6. Comparisons of the values obtained by the FDM and ANN-modeled values of u/ue
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where
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and

e ¼ ½eð1Þeð2Þ � � � eðNÞ�: ð25Þ

The number of neurons in the hidden layer is z. The weights and
biases are calculated using (21). The Jacobian matrix is defined as:
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4. Simulation results

In this study, the FNN is used to predict the nondimensional
velocity (u/ue). The inputs of the NN model are the porosity param-
eter (K), the form parameter (f) and the nondimensional transver-
in (a) training set, (b) validation set, (c) test and (d) training + validation + test set.



Fig. 8. u/ue obtained by the FNN for K = 0.15.
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sal coordinate (g). The MATLAB Neural Network Toolbox is
applied for the implementation of the neural network. Data were
generated using the finite differences method by writing a
FORTRAN code for K = [�0.1, �0.05, 0, 0.05, 0.1], f = [�0.16, �0.12,
�0.08, �0.04, 0, 0.04, 0.08, 0.12, 0.16], g ¼ 0;0:4;0:8;1:2; . . . ;19:6;½
20� and j = 0.08. Eqs. (7) and (8) are solved for the following values
of the parameters and coefficients: Pr = 0.712; a = 0.4408;
b = 5.7140 (Saljnikov & Dallmann, 1989). For the characteristic
functions B and Fot at a zero iteration, the following values are
accepted: B0

Kþ1 ¼ 0:449 and F0
ot;Kþ1 ¼ 0:4411. They were also used

in the investigations by Saljnikov and Dallmann (1989).
The data (5 � 9 � 51 = 2295) were divided into training, valida-

tion and test subsets. In the training process of the FNN, 1495 sam-
ples were used. 350 data were taken for the validation set. The
ANN model was tested using 450 selected data.

The Pearson correlation coefficient is one of the most commonly
used performance to evaluate the closeness of fit of network archi-
tecture. The correlation coefficient is defined as the degree of cor-
relation between the values obtained from the CFD code and the
predicted values:

r ¼
PNo

k¼1ðyðkÞ � �yÞðtðkÞ � �tÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPNo
k¼1ðyðkÞ � �yÞ2

PNo
k¼1ðtðkÞ � �tÞ2

q ; ð27Þ

where y(k) and t(k) denote the network output and the value ob-
tained from the CFD code from the kth element; �y and �t denote their
average respectively, and No represents the number of observations.

Another performance measure is the mean absolute error
(MAE). It is defined as:

MAE ¼ 1
No

XNo

k¼1

yðkÞi � tðkÞi

��� ���: ð28Þ

The mean square error (MSE) is calculated as:

MSE ¼ 1
No

XNo

k¼1

yðkÞi � tðkÞi

� �2
: ð29Þ

Smaller MAE and MSE values ensure better performance.
Different FNN models were constructed and tested in order to

determine the optimum number of neurons in the hidden layer
and transfer functions. The two-layer network with a log-sigmoid
transfer function at the hidden layer and a linear transfer function
at the output layer were used.

The optimal network size was the one which resulted in a max-
imum correlation coefficient for the training, validation and test
sets, Table 1. Based on Table 1, it was concluded that the optimal
Fig. 7. u/ue obtained by the FNN for K = 0.7.
number of hidden neurons is 29. The FNN model for prediction
of u/ue values is shown in Fig. 4. The training stopped after 176
epochs because the validation error started to increase (Fig. 5).
The performance parameters of the artificial neural network mod-
els for computation of the u/ue are given in Table 2.

Comparisons of the values obtained by the FDM and ANN-mod-
eled values of u/ue for the training, validation, test and train-
ing + validation + test data sets are shown in Fig. 6a, b, c, and d,
respectively.

The values of u/ue for K = 0.7 and K = 0.15, computed using the
FNN model are plotted in Fig. 7 and Fig. 8, respectively. The values
of the porosity parameter are not included in the training data set.

5. Conclusions

In the presented study, the ability of FNN model to predict the
nondimensional velocity of the gas that flows along a porous wall
is investigated. The two-layer FNN with Levenberg–Marquardt
learning was constructed. A database was generated using finite
difference method by writing a FORTRAN code. The ANN structure
was designed and trained using the MATLAB Neural Network
Toolbox.

The results of the simulations presented in this paper show that
the application of the FNN to estimate the nondimensional velocity
gives satisfactory results. The performance of the FNN network was
tested using correlation coefficients, the mean absolute error and
the mean square error. In the same way, the proposed approach
can be applied to predict the nondimensional enthalpy and other
characteristics of the boundary layer.

Soft programming methods such as FNN can be used as alterna-
tive numerical methodologies, thus saving computational time and
reducing cost of studies.
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